SEMISOLVABILITY OF SEMISIMPLE HOPF ALGEBRAS OF 

DIMENSION 2q3 

JINGCHENG DONG-^'^ AND SHUANHONG WANG-* 

Abstract. Let g be a prime number, k an algebraically closed field of char- 
acteristic 0, and H a semisimple Hopf algebra of dimension 2q'^. This paper 
proves that H is always semisolvable. 



1. Introduction 

The notions of upper and lower semisolvability for finite-dimensional Hopf alge- 
bras were introduced by Montgomery and Whiterspoon fl6', as generalizations of 
the notion of solvability for finite groups. In particular, if a finite-dimensional Hopf 
algebra A is semisolvable then A can be obtained by a number of extensions from 
group algebras or duals of group algebras. Therefore, in analogy with the situations 
for finite groups, it is enough for many applications to know that a Hopf algebra is 
semisolvable. 

The known examples of semisimple Hopf algebras which are semisolvable are 
those of dimension ,pq^ ,pqr and those of dimension less than 60, where p,q,r 
are distinct prime numbers and n is a natural number. See |161 |6l 120) for details. 
Our present work is devoted to providing a new class of semisimple Hopf algebras 
which are semisolvable. It can also be viewed as a generalization of [20j Chapter 
12]. 

The paper is organized as follows. In Section [2J we recall the definitions and 
some of the basic properties of semisolvability, characters, Radford's biproducts 
and Drinfeld double, respectively. Some useful lemmas are also contained in this 
section. 

In Section [3l we present our main results. Let G{H) denote the group of group- 
like elements in a semisimple Hopf algebra H . By examining every possible order 
of G{H), we prove that if the dimension of H is 2g^ then H is semisolvable, where 
q is a prime number. Moreover, if \G{H)\ — 2 then H is group theoretical in the 
sense of [18]. 

Throughout this paper, all modules and comodules are left modules and left 
comodules, and moreover they are finite-dimensional over an algebraically closed 
field k of characteristic 0. (g), dim mean dim^, respectively. If G is a finite 
group, kG denotes the group algebra of G, and means (kG)* . li g G G then {g) 
denotes the subgroup of G generated by g. Further G„ denotes the cyclic group of 
order n. For two positive integers m and n, gcd{m, n) denotes the greatest common 
divisor of m, n. Our references for the theory of Hopf algebras are [17] or |28) . 
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2. Preliminaries 

2.1. Characters. Throughout this subsection, H will be a semisimple Hopf alge- 
bra over k. The main result in [IT] states that H is also cosemisimple. 

We next recall some of the terminology and conventions from [22] that will be 
used throughout this paper. 

Let V be an iJ-comodule. The character of V is the element x — Xv G H 
defined by (/, x) — Trv(/) for all / G H* . The degree of x is defined to be the 
integer degx = £(x) — dimF. We shall use Xt to denote the set of all irreducible 
characters of H of degree t. 

All irreducible characters of H span a subalgebra R{H*) of which is called 
the character algebra of H* . The antipode S induces an anti-algebra involution 
* : R{H*) ^ R{H*), given by x ^ X* := S{x)- 

Let xui Xv G R{H* ) be the characters of the i7-comodules U and V , respectively. 
The integer rn{xu-,Xv) — dimHom^([/, is defined to be the multiplicity of U 
in V . Let H denote the set of irreducible characters of H . Then H \s a. basis of 
R{H*). If X e R{H*), we may write x = E„gJ? "^("' x)"- 

For any group-like element g in G{H), m{g, XX*) > if and only if 'm{g, XX*) — 1 
if and only if gx = X- The set of such group-hke elements forms a subgroup of G{H), 
of order at most (degx)^- See [HI Theorem 10]. Denote this subgroup by G[x]- In 
particular, we have 

XX*= ^ 9+ X! m{a,xx*)a- (2.1) 

g£G[x] aefi,dcgQ>l 

A subalgebra A of R{H*) is called a standard subalgebra if A is spanned by 
irreducible characters of H. Let X be a subset of H. Then X spans a standard 
subalgebra of R{H*) if and only if the product of characters in X decomposes 
as a sum of characters in X. There is a bijection between ^-invariant standard 
subalgebras of R{H*) and Hopf subalgebras of H. See [22l Theorem 6]. 

H is said to be of type (di, rii; ■ • ■ ; ds, n^) as a coalgebra if di = 1, (i2, • • • , dg 
are the dimensions of the irreducible i?-comodules and is the number of the 
non-isomorphic irreducible i/-comodules of dimension di. That is, as a coalgebra, 
H is isomorphic to a direct sum of full matrix coalgebras 

s 

i/ = A:("i)e0Afd.(A:)("'). (2.2) 

If H* is of type (di, ni; • ■ • ]ds,ns) as a coalgebra, then H is said to be of type 
(di,ni;-- - ■,ds,ns)a,san algebra. 

Lemma 2.1. Let x be an irreducible character of H. Then 

(1) The order of G[x\ divides (degx)^- 

(2) The order ofG{H) divides n(degx)^, where n is the number of non-isomorphic 
irreducible characters of degree degx- 

Proof. It follows from Nichols-Zoeller Theorem [23]. See also [2TI Lemma 2.2.2]. □ 

2.2. Semisolvability. Let B be a finite-dimensional Hopf algebra over k. A Hopf 
subalgebra A C B is called normal if hiAS{h2) ^ A and S{hi)Ah2 C A, for all 
h ^ B. If B does not contain proper normal Hopf subalgebras then it is called 
simple. Dualizing the notion of normal Hopf subalgebra, we obtain the notion of 
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conormal quotient Hopf algebra. The notion of simplicity is self-dual, that is, B is 
simple if and only if B* is simple. 

Let K Ahe a. normal Hopf subalgebra. Then B = A/AK^ is a conormal 
quotient Hopf algebra and the sequence of Hopf algebra maps k^K^A^B-^ 
k is an exact sequence of Hopf algebras. In this case we shall say that A is an 
extension of i? by 

The extension above is called abelian if K is commutative and B is cocommu- 
tative. In this case K = k^ and B ^ fcF, for some finite groups N and F. 
The following lemma is a direct consequence of ^QSh Corollary 1.4.3]. 

Lemma 2.2. Let n : A B be a conormal quotient Hopf algebra. Suppose that 
dim_B is the least prime number dividing dimA. Then G{B*) C Z{A*) Cl G{A*). 

Let TT : if — >■ S be a Hopf algebra map and consider the subspaces of coinvariants 

H"'"' = {heH\{id^ n)A{h) = /i ® 1}, and 
^{he H\i7r^id)A{h) = l(g>h}. 

Then H'^°'^ (respectively, '^°^H) is a left (respectively, right) coideal subalgebra of 
H. Moreover, we have 

dimH = dimi7'='"'dim7r(i7) ^ dim'=°^i/dim7r(ii). 

The left coideal subalgebra H'^"'^ is stable under the left adjoint action of H. 
Moreover iJ'^"^ = ''""H if and only if is a (normal) Hopf subalgebra of H. If 
this is the case, we shall say that the map tt : H ^ B is normal. See for more 
details. 

The following lemma comes from [20;i Section 1.3]. 

Lemma 2.3. Let n : H ^ B be a Hopf surjection and A a Hopf subalgebra of H 
such that A C H""" . Then dimA divides dimH""''. 

By definition, H is called lower semisolvable if there exists a chain of Hopf 
subalgebras 

Hn+i ^kCH„C---CHi = H 
such that -ffi+i is a normal Hopf subalgebra of Hi, for all i, and all quotients 
Hi/ HiH^^ are trivial. That is, they are isomorphic to a group algebra or a dual 
group algebra. Dually, H is called upper semisolvable if there exists a chain of 
quotient Hopf algebras 

i/(0)=ff^%)^---^iJ(n) = fc 

such that H^i^^^ is a normal Hopf subalgebra of and all H^"^^-^ are trivial. 

By [ini Corollary 3.3], we have that H is upper semisolvable if and only if H* is 
lower semisolvable. 

Proposition 2.4. Let H be a semisimple Hopf algebra of dimension pq^ , where 
p, q are distinct prime numbers. If H is not simple as a Hopf algebra then it is 
semisolvable. 

Proof. By assumption, H has a proper normal Hopf subalgebra K. Moreover, by 
Nichols- Zoeller Theorem [23], dimK divides dimiJ = pq"^. We shall examine every 
possible dimK. 

If dimi^T = q^ or pq then fc C if C iJ is a chain such that K and H/HK^ are 
both trivial (see OHl]). Hence, H is lower semisolvable. 
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If diniif = q'^ then [13] shows that K has a non-trivial central group-hke element 
g. Let L — k(g) be the group algebra of the cyclic group (g) generated by g. Then 
kCLCKCHisa, chain such that L,K/KL^ and H/HK^ are all trivial (see 
[29]). Hence, H is lower semisolvable. 

If AiiaK = pq^ then [U Lemma 2.2] and [TU Theorem 5.4.1] show that K has a 
proper normal Hopf subalgebra L of dimension p, q,pq or g^. Then k <Z L C K <Z H 
is a chain such that L,K/KL^ and H/HK^ are all trivial. Hence, 7? is lower 
semisolvable. 

Finally, we consider the case that divaK = p or q. Let L be a proper normal Hopf 
subalgebra of H/HK+ (Notice that H/HK+ is not simple). Write K = H/HK+ 
and L = K/KL+. Then H — > /c is a chain such that every map is 
normal and H'^"'^^ , {KY°^'^ are trivial. Hence, H is upper semisolvable. □ 

Remark 2.5. Let H he & semisimple Hopf algebra of dimension p^q^, where p,q 
are prime numbers. If H is not simple then H is also semisolvable. Indeed, since 
every (quotient) Hopf subalgebra of H is semisolvable, a similar argument as in 
Proposition 12.41 will prove the claim. 

2.3. Drinfeld double. For a semisimple Hopf algebra H, D{H) = H*''°'p cxi H will 
denote the Drinfeld double of H. D{H) is a Hopf algebra with underlying vector 
space (g) H. The main result in [7] proves that if V is an irreducible module 

of D{H), then the dimension of V divides the dimension of H. 

Let denote the category of (left-left) Yetter-Drinfeld modules over H. Ob- 

jects of this category are vector spaces V endowed with an iJ-coaction p : V 
H ®V and an iJ-action • : H ®V ^ V , which satisfies the compatibility condition 
p{h ■ v) = hiV-iS{h^) ® /i2 • Wo, for all w G V, ft G H . Morphisms of this category 
are _ff-linear and colinear maps. 

Majid first proved that the Yetter-Drinfeld category can be identified with 

the category d{h)J^ of left modules over the quantum double D{H). (see ^2] 
Proposition 2.1]). 

More details on D{H) can be found in [TJl Section 10.3]. The following theorem 
follows directly from [2^, Proposition 9,10]. 

Theorem 2.6. Suppose that H is a semisimple Hopf algebra. 

(1) The map G{H*) x G{H) G{D{H)), given by {ri,g) ^ r] xi g, is a group 
isomorphism. 

(2) Every group-like element of D(H)* is of the form g ®rj, where g £ G{H) 
and rj G G{H*). Moreover, g rj G G{D{H)*) if and only if rj >i g is in the center 
ofD{H). 

Corollary 2.7. Suppose that H is a finite- dimensional Hopf algebra such that 
G{D{H)*) is non-trivial. If gcd{\G{H)\,\G{H*)\) = 1 then H or H* has a non- 
trivial central group-like element. 

Proof Let 1 g ® T] e G{D{H)*). We may assume that I ^ g ^ G{H), since 
otherwise rj G G{H*) would be a non-trivial central group-like element, and sim- 
ilarly we may assume that e ^ r/ e G{H*). Since gcd{\G{H)\,\G{H*)\) = 1, 
the order of g and 77 are different. Assume that the order of g is n. Then 
{g ® rf)^ = g^'' ri" = 1 ® ry" 1 ® e implies that 77" ixi 1 is in the center of 
D{H). Hence, 77" is a non-trivial central group-like element in G{H*). Similarly, 
we can prove that G{H) also has a non-trivial central group-like element. □ 
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Recall that a semisimple Hopf algebra A is called of Frobenius type if the di- 
mensions of the simple A-modules divide the dimension of A. Kaplansky conjec- 
tured that every finite-dimensional semisimple Hopf algebra is of Frobenius type 
[21 Appendix 2]. It is still an open problem. However, many examples show that a 
positive answer to Kaplansky's conjecture would be very helpful in the classification 
of semisimple Hopf algebras. 

Lemma 2.8. Suppose that H is a semisimple Hopf algebra of dimension pq^ , where 
p,q are prime numbers such that p^ < q. Then the order of G{D{H)*) can not be 

q- 

Proof. Suppose on the contrary that \G{D{H)*)\ = q. Recall that D{H) is of 
Frobenius type (see |4j. Lemma 2.2] or [7]) and the dimension of every irreducible 
£'(iJ)-module divides d\mH . Then we have an equation by applying (2.2) to D{H) 

p^q*^ = q+ p^ai + p^q^a2 + p^q^as + q^a^ + q^a^ + q^a^, 

where ai(i = 1, • ■ • , 6) are non- negative integers. Obviously, ai ^ 0, since otherwise 
the equation above can not hold. Let x be an irreducible character of D{H) of 
degree p. Then the decomposition of XX* (2-1) gives rise to a contradiction, by 
Lemma \TJ\ and the fact that p^ < q. □ 

Let g e G{H), rj G G{H*), and Vg,n denote the one-dimensional vector space 
endowed with the action h ■ 1 — ri{h)l, for all h ^ H, and the coaction 1 i-^ g 1. 

Lemma 2.9. 20, Lemma 1.6.1] T/ie one- dimensional Yetter-Drinfeld modules of 
H are exactly of the form Vg^ri, where g £ G{H) and rj 6 G{H*) are such that 
{rj h)g = g{h ^ rj) for all h G H, where and ^ are the regular actions of H* 
on H . 

2.4. Radford's biproduct. Let A be a semisimple Hopf algebra and let ^3^2? de- 
note the braided category of Yetter-Drinfeld modules over A. Let i? be a semisimple 
Yetter-Drinfeld Hopf algebra in "^yV. Denote hy p : R A ® R, p{a) — a_i (8) oo, 
and • : A (X) -R — >■ i?, the coaction and action of A on R, respectively. We shall use 
the notation A(a) = ® and Sn for the comultiplication and the antipode of 
i?, respectively. 

Since R is in particular a module algebra over A, we can form the smash product 
(see [171 Definition 4.1.3]). This is an algebra with underlying vector space R® A, 
multiplication is given by 

(a ® g){b ® h) = a{gi ■ b) (g) g2h, for all g, h & A, a,b R, 

and unit 1 — Iji® 1a- 

Since R is also a comodule coalgebra over A, we can dually form the smash 
coproduct. This is a coalgebra with underlying vector space R^A, comultiplication 
is given by 

A(a g) = (g) (a^)_i5i ® (a^)o 32, for all h e A,a e R, 
and counit e/j e^. 

As observed by D. E. Radford (see |24* Theorem 1]), the Yetter-Drinfeld condi- 
tion assures that R® A becomes a Hopf algebra with these structures. This Hopf 
algebra is called the Radford's biproduct of R and A. We denote this Hopf algebra 
by R^A and write a^g = a 1^ g ioT all g G A, a € R. Its antipode is given by 

5(a#5) - (l#5(a_i5))(^fl(ao)#l), for allg G A,a G R. 
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A biproduct R^A as described above is characterized by the following prop- 
erty (see [211 Theorem 3]): suppose that iJ is a finite-dimensional Hopf algebra 
endowed with Hopf algebra maps l : A ~^ H and tt : H ^ A such that ttl : A A 
is an isomorphism. Then the subalgebra R = H'^°^ has a natural structure of 
Yetter-Drinfeld Hopf algebra over A such that the multiplication map Rjj^A — > H 
induces an isomorphism of Hopf algebras. 

Following [2L Proposition 1.6], H = R#A is a biproduct if and only if H* = 
R*i^A* is a biproduct. 

R is called trivial if R is an ordinary Hopf algebra. In particular, R is an ordinary 
Hopf algebra if A is normal in H, since R = H/HA'^ as a coalgebra. 

The following lemma is a special case of [20l Lemma 4.1.9]. 

Lemma 2.10. Let H be a semisimple Hopf algebra of dimension pq'^ , where p,q are 
distinct prime numbers. If p divides both \G{H)\ and \G{H*)\, then H = R^kG is 
a biproduct, where kG is the group algebra of group G of order p, R is a semisimple 
Yetter-Drinfeld Hopf algebra in ^yT^ of dimension q'^ . 

3. Semisimple Hope algebras oe dimension 2q^ 

In this section, H will be a non-trivial semisimple Hopf algebra of dimension 2g^, 
where g is a prime number. Our main aim is to prove that H is semisolvable. By 
Proposition 12. 4i it suffices to prove that H is not simple. When g = 2, the result 
follows from [161 Theorem 3.5]. When q = 3, the result has been obtained in [201 
Chapter 12]. Therefore, in the rest of this section, we always assume that g > 5. 

By [5] Lemma 2.2], H is of Frobenius type and \G{H)\ ^ 1. Therefore, the 
dimension of a simple iJ-module can only be 1,2,(7 or 2?. It follows that we have 
an equation 

2q^ ^\G{H)\+Aa + q% + Aq^c, (3.1) 

where a, b, c are the numbers of non-isomorphic simple iJ-modules of dimension 2, q 
and 2g, respectively. By Nichols-Zoeller Theorem ]:23 , the order of G{H) divides 
dimH. 

Lemma 3.1. The order of G{H) can not be q. 

Proof. Suppose on the contrary that \G{H)\ — q. Let x be an irreducible character 
of degree 2. By Lemma [2T] (1) and the fact that G[x] is a subgroup of G{H), we 
know that G[x] = {1} is trivial. It follows that the decomposition of XX* (2-1) 
gives rise to a contradiction, since A < q. Therefore, a = and equation (3.1) is 
2q'^ = q + q^b + Aq^c, which is impossible. □ 

Lemma 3.2. // \G{H)\ = q^ then a = andb ^ 0. If \G{H)\ = q^ then H is of 
type {l,q^;q,q) as a coalgebra. 

Proof. If \G{H)\ = q^ then a similar argument as in Lemma [3.11 shows that a = 0. 
Therefore, equation (3.1) is 2q'^ — q"^ + q^b + Aq^c. Obviously, b ^ 0, otherwise a 
contradiction will occur. 

If \G{H)\ = q^ then LemmaO (2) shows that a = c = 0. □ 

Lemma 3.3. If 2 divides both \G{H)\ and |G(-ff*)| then H = RffkC2 is a biproduct. 
Further, if kG2 is normal in H then 
(1) H is self-dual, or 
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(2) H fits into an abelian central extension 

k ^ kC2 ^ H ^ R ^ k, 
and diml^ < 2 for all irreducible H-comodule V . 

Proof. The first assertion follows from Lemma [2. 101 

Since R = H / H{kC2)^ as a coalgebra and kC2 is normal in H , we have that R is 
a Hopf algebra. If i? is a dual group algebra then R* C G{H*). It is impossible since 

does not divide \G{H*)\. If i? is a group algebra then R* C H* is commutative 
and the index [H* : R*] = 2. Then it follows from the Frobenius Reciprocity [TJ 
Corollary 3.9] that dimV < 2 for all irreducible _ff*-module V . In this case, H fits 
into an abelian central extension as above by 20, Proposition 4.6.1]. Finally, if R 
is not trivial then it is self-dual [M]. Hence, H* ^ R*#k'^^ = i?#fcC2 = H. □ 

Lemma 3.4. // |G(-ff)| = or q^ and H* has a Hopf subalgebra K of dimension 
2q^ then H fits into an extension 

k k{g) H ^ K* ^ k, 

where g G G{H) is of order q. Further, if K is commutative then the extension is 
abelian. 

Proof. Considering the map n : H ^ K* obtained by transposing the inclusion 
K C H* , we have that dimH'^"'^ = q. Notice that the dimension of every left coideal 
of is 1, g or 2q. Therefore, by Lemma [2731 a-s a left coideal of H, H^°'^ decomposes 
in the form H'^°'^ = k{g), where g £ G{H) is of order q. Thus H'^°'^ is normal in 
H , and hence H fits into an extension. The second assertion is obvious. □ 

Lemma 3.5. If \G{H)\ = 2 then 

(1) H is commutative, or 

(2) H contains a Hopf subalgebra K H such that K = k^ , where F is a non- 
abelian group of order 2q^ . Furthermore, the dimension of an irreducible H -module 
is at most q. 

Proof. Observe that a ^ in this case, since otherwise equation (3.1) can not 
hold. It follows that G{H) U X2 spans a standard subalgebra of R{H*), which 
corresponds to a non-cocommutative Hopf subalgebra K of dimension 2 + 4a. Then 
2 + 4a = 2q, 2g2 or 2q^ by Nichols- Zoeller Theorem [33]. Obviously, 2 + 2q 
since otherwise equation (3.1) can not hold. 

If 2 + 4a 2q^ then H is of type (1,2; 2,^^) as a coalgebra. Then H is 
commutative by |2] Proposition 6.8]. 

If 2 -I- 4a = 2g2 then K is of type (1, 2; 2, ^) as a coalgebra. In particular, 
\G{H)\ = 2. By [U Theorem 3.12.4], there are two isomorphism classes of non- 
trivial semisimple Hopf algebra of dimension 2g^, which are dual to each another:Bo 
and Bi = Bq. In particular, lG(;Bo)l = and lG(Si)l = 2q. Therefore, K is trivial 
and hence commutative. 

Finally, the Frobenius Reciprocity [I, Corollary 3.9] shows that dimV < for all 
irreducible iJ-module V. □ 

Lemma 3.6. // H contains a Hopf subalgebra K Q H such that K ^ k^ and 
G{H) C K , where F is a non-abelian group of order 2q^ . Then G{D(H)*) can not 
contain elements like g ® rj, where g G G{H) and rj £ G{H*) are of order 2. 
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Proof. Suppose on the contrary that there is g (g) 77 £ G{D{H)*) such that g £ 
G{H) and 77 G G{H*) are of order 2. Equivalently, there exists a non-trivial one- 
dimensional Yetter-Drinfeld module of H of the form V^.r;- See Lemma [2.91 

Consider the projection tt : 7? — ^ fc^''^ obtained by transposing the inclusion 
k{r]) C H* . Since iiT is commutative and G{H) C K, g^^ag = a for all a G A'^°'^. 
By f20, Theorem 1.6.4], K'^°^ is a Hopf subalgebra of A'. On the other hand, 
^[■^K""" = 2172 or by [20l Lemma 1.3.4] since dim7r(A:) 1 or 2. But the first 
possibility can not hold since K is not contained in H'^"^ by Lemma [2.31 Hence, 
dimAT'^"'^ = and AT™'^ is a cocommutative Hopf subalgebra of H T3]. It is 
impossible since the order of G{H) is 2 or 2q. □ 

Remark 3.7. If |G(iJ)| = 2 and |G(i?*)| = 2, 2q or 2^2 then |1 Lemma 2.2], Lemma 
13.51 13. 6l and the proof of Corollarv l2 . 7l imply that H or H* must contain a non- trivial 
central group- like element. Hence, such Hopf algebra is not simple. 

Lemma 3.8. If \G{H)\ = 2q then G{H) is cyclic. 

Proof. Notice that X2 ^ and can not divide a. In addition, |G[x]] = 2 for all 
X G X2. Then G{H) is abelian by [3D1 Proposition 1.2.6]. The lemma then follows 
from the classification of group of order 2(7 [3]. □ 

Proposition 3.9. If \G{H)\ = 2 then 

(1) \G{H*)\^2 and2q. 

(2) If \G{II*)\ ~ q^ or q^ then H fits into an abelian extension 

k ^ ^ H ^ k(g) — > k, 

where F is a group of order 2q^ and g G G{II*) is of order q. 

(3) If \G{II*)\ = 2q^ then H fits into an abelian extension 

k~>k^ ^ H ^ k{g) k, 
where F is a group of order g'^, 2q^ or 2q, and g G G{II*) is of order 2,q or q^ . 

Proof. Since the aim of our work is to classify non-trivial semisimple Hopf algebra, 
we may assume that H contains a commutative Hopf algebra k^ C H oi dimension 
2q^ as in Lemma [3T5] and H is of type (1, 2; 2, ^ ; q, b; 2q, c) as a coalgebra, where 
b + c^O. 

(1) Suppose on the contrary that lG(-ff*)| =2. By Remark H or H* has 
a non-trivial central group-like element. Since G{II*) = G{H) as groups, we may 
assume that H contains such an element. We then consider the quotient Hopf 
algehTaH_ = H/H{kG{H))+. _ _ 

First, H is not trivial. Indeed, if is a group algebra then (H)* C H* is 
commutative. Thus dimV^ < [H* : (H)*] — 2 for all irreducible i/*-module V [U 
Corollary 3.9]. It is impossible. In addition, if is a dual group algebra then 
{H)* C G{Ii*). It is also impossible. 

Second, H is not one constructed in [T3]. Indeed, since the modules of H are 
those modules V oi H such that each x G kG{II) acts as s{x)idv on V , the 
number of one-dimensional modules of H is at most 2. Therefore, H is not the one 
constructed in [14] • All these facts imply that \G(Ii*)\ ^ 2. 

Suppose on the contrary that \G{II*)\ = 2q. By Remark [3J1 H or H* has a 
non-trivial central group-like element. If such element is of order 2 then H or H* 
is self-dual by Lemma [331 This contradicts with the fact that |G(i/)| ^ lG(iJ*)l. 
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Let g e G{H),ri e G{H*) and a £ G{H*) be the element of order 2,2 and g, 
respectively. Then elements of G{D{H)*) are of the form g ® e, 1 i8> ?7, g ® , 
g ® "q ov 1 ® (i = 1, • • • ,q). The discussion above, Lemma 13.61 and the proof of 
CoroUarv 12.71 implv that the first four possibilities can not exist. Therefore, the 
order of G{D{H)*) is q, which contradicts Lemma [Z!8l 

(2) By Lemma [3^ and [3?5| H* fits into an abelian extension 

k ^ k{g) H* ^ kF ^ k, 

where F is a group of order 2q^ and g G G{H*) is of order q. The result then 
follows after dualizing this extension. 

(3) If X2 ^ then G{H*) U X2 spans a standard subalgebra of R{H), which 
corresponds to a quotient Hopf algebra L of dimension 2q^ + 4a. By Nichols-Zoelle 
Theorem, dimL = 2q^. Therefore, H is of type (1, 2g^; 2, ~^ ) as an algebra. 
Then H or H* has a non-trivial central group-like element [U Theorem 6.4]. By 
Lemma [331 we may assume that H can not contain such an element since H is not 
self-dual. We shall examine every possible order of such an element g in G{H*). 

If the order of (7 is 2 then H* = R^k{g) is a biproduct. It follows from Lemma 
13.31 that H* fits into an abelian extension 

k ^ k{g) H* ^ R^k. 

If the order of g is q we then consider the extension 

k k{g) H* ^ H*/H*{k{g))+ = W ^ k. 

Since the number of one-dimensional modules of H* is at most 2, H* is trivial by 
[2TI Theorem 3.12.4]. Moreover, H* is not a dual group algebra since \G{H)\ ~ 2. 
It follows that H* is a group algebra and the extension above is abelian. 
If the order of g is q^ we then consider the extension 

k k{g) H* ^ H*/H*{k{g))+ = W ^ k. 

The classification of semisimple Hopf algebra of dimension 2q shows that H* is 
trivial [5|- It is clearly that H* is not a dual group algebra since \G{H)\ — 2. 
Hence, H* is a group algebra and the extension is abelian. 

The result then follows after dualizing all these extensions above. 

If X2 = we then consider the projection n : H* — kF obtained by transposing 
the inclusion k^ C H. Clearly, dim{H*Y°'^ = q. The decomposition of {H*Y°^ , as 
a coideal of H* , shows that (7J*)coir _ ^^^^ group algebra, where g G G{H*) is 
of order q. Therefore H fits into an abelian extension as described □ 

A semisimple Hopf algebra A is called group theoretical if the category of finite 
dimensional v4-modules Rep^ is a group theoretical fusion category. As an imme- 
diate consequence of Proposition 13. 91 and ^18. Theorem 1.3.], we have the following 
result. 

Corollary 3.10. // |G'(i?)| = 2 then H is group theoretical. 

Lemma 3.11. If \G{H)\ = 2q then 

(1) H is of type (1, 2g; 2, as a coalgebra, and H or H* contains a non- 
trivial central group-like element, or 

(2) H* contains a normal Hopf subalgebra of dimension q, or 
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(3) H contains a Hopf subalgebra K Q H such that K = , where F is a non- 
abelian group of order 2q^ . Furthermore, the dimension of an irreducible H -module 
is at most q. 

Proof. Observe that X2 7^ and there is a non-cocommutative Hopf algebra of 
dimension 2(7 + 4a, corresponding to the standard subalgebra of R{H*) spanned by 
G{H)UX2. 

If 2g + 4a = 2q^ then H = K is of type (1, 2q; 2, ^-j^) as a coalgebra. Hence, H 
or H* contains a non-trivial central group-like element |2] Theorem 6.4]. 

If 2q + 4a = 2q^ then K is of type (1, 2q; 2, a) as a coalgebra. By Lemma [3.41 if 
\G{H*)\ = q^ or then H* contains a normal Hopf subalgebra of dimension q. In 
all other cases, H = H'^°'^^kC2 is a biproduct by Lemma l373l where tt : H kC2 
is a projection. Since K is not contained in H'^°'^ Lemma [^31 dimK'^"'^ = dim(X n 
iJ™'^) ^ 2g2. Hence, dimTT{K) = 2 by Lemma 1.3.4]. Therefore, ttk : K kC2 
is a surjection. Moreover, kC2 is contained in K. Therefore, K = K'^°'^ ^kC2 is also 
a biproduct. By [HI Proposition 1.6], K* = (if'=°'^)*#(fcC2)* = (ii:™'^)*#A:C2 as 
a Hopf algebra. Furthermore, the description of group-like elements of a biproduct 
[211 2.11] shows that the order of G{K*) is divisible by 2. All these facts imply 
that, comparing [31] Theorem 3.12.4], K is trivial and hence commutative. 

Finally, the Frobenius Reciprocity |:1,, Corollary 3.9] shows that dimV < q for all 
irreducible iJ- module V . □ 

Proposition 3.12. If \G{H)\ = q^ then 

(1) kG{H) is a normal Hopf subalgebra of H and H* has a central group-like 
element of order 2. 

(2) The order of G{H* ) can not be q^ and q^ . 

Proof. Since the index [H : kG{H)] = 2 is the smallest prime number dividing 
dimH, the result in 10 shows that kG{H) is a normal Hopf algebra of H . Then 
the Proposition follows from Lemma [2.21 □ 

The following corollary directly follows from the proposition above. 

Corollary 3.13. // |G(iJ)| = q^ and G{H) is abelian then H is group theoretical. 

Let g be a odd prime number. There are five classes of finite groups of order q^ 
up to isomorphism: CgS, Cq x C^2, Gq x Cq x Cq, {Cq x Cq) x Cq and Cq2 x Cq, 
where x denotes direct product and x denotes semidirect product. The following 
consequence proves that G{H) can not be the first one. 

Corollary 3.14. // \G{H)\ — then G{H) is not cyclic and H has a Hopf subal- 
gebra of dimension 2q^ . 

Proof. The group G{H) acts by left multiplication on the set Xq. The set Xq is 
a union of orbits which have length l,q,q^ or q^. Since \Xq\ — q and the order of 
stabilizer G[x] is at most q^ for all x G there is only one orbit which has length 
q. That is, G[x] is of order q"^ for all x G ^q- 

Let X G -^q- It follows from the results in [T5J Section 2] that the exponent of 
G[x] divides degx- Hence, if G[x] is cychc then q'^ divides q, a contradiction. Thus 
G{H) is not cyclic. 

Since \Xq\ = q is odd, there is an irreducible character x of degree q which is self- 
dual. Hence, {x} U G[x\ spans a standard subalgebra of R{H*), which corresponds 
to a Hopf subalgebra of dimension 2q'^ . □ 
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Proposition 3.15. If\G{H)\ ~ 2q^ then H is not simple. 

Proof. If X2 7^ then there is a non-cocommutative Hopf algebra K of dimension 
2q^+Aa, corresponding to the standard subalgebra of R{H*) spanned by G{H)\JX2. 

By Nichols-Zoelle Theorem, diuiK = 2q^ . Therefore, H — K and H is of type 

3 _ 2 

(1, 2g , 2, ^-^-^) as a coalgebra. Then H or H* contains a non-trivial central group- 
like element [31 Theorem 6.4]. 

If X2 = we then consider the order of G{H*). By Lemma[3H if \G{H*)\ = 
or (7^ then H is not simple. In all other cases, it sufhces to consider the case that 
H* has a Hopf subalgebra K of dimension 2q^. Considering the map ir : H ^ K* 
obtained by transposing the inclusion K C H* , we have dimH^°'^ — q. Since the 
dimension of every irreducible left coideal of is 1,<7 or 2q, H'^°'^ decomposes in 
the form H'^°'^ = k{g)^ where g S G{H) is of order q. Hence, H'^°'^ is normal Hopf 
subalgebra of H. □ 

Proposition 3.16. // |G(i?)| = q^ then H is not simple. 

Proof. By Proposition [3l2l we may assume that \G{H*)\ ^ q^. If \G{H*)\ = 2,2q 
or 2q^ then the proposition follows from Proposition 13.91 Proposition 13.151 and 
Lemma 13.111 

Finally, we consider the case that \G{H*)\ — q^. Considering the map tt : 
H — >• {kG{H*))* obtained by transposing the inclusion kG{H*) C H*, we have 
dimi?°°'^ = 2q. Notice that the dimension of every irreducible left coideal of H is 
l,g or 2q. Therefore, by Lemma [2.31 as a left coideal of H, H'^°'^ decomposes in 
the form H'^"'^ = k{g) (B V, where g G G{H) is of order q, and V is an irreducible 
left coideal of H of dimension q. Since gV and Vg are irreducible left coideals of H 
isomorphic to V , and gV, Vg are contained in H'^°'^, we have gV — V — Vg. Then 
pOl Corollary 3.5.2] shows that k{g) is a normal Hopf subalgebra of k[C], where C 
is the simple subcoalgebra of H containing V, and k[C] is a Hopf subalgebra of H 
generated by C as an algebra. Clearly, dimfc[C] > q + q^. Moreover, by Nichols- 
Zoeller Theorem [23], dimfc[C] = 2q^,q^ or 2q^. If dimfc[C] = 2q^ then k[C] = H 
and k{g) is a normal Hopf subalgebra oi H. If dimfc[C] — q^ then the result follows 
from [To]. If dimfc[C] = 2q^ then the result follows from Lemma [3.41 □ 

We shall afford two quite different proofs of the following proposition. The first 
one was pointed to the authors by professor S. Natale. 

Proposition 3.17. // \G{H)\ — 2q then H is not simple. 

First proof. By the discussion above, it suffices to consider the case that \G{H*)\ = 
2q, and H and H* both contain commutative Hopf subalgebras of dimension 2q^. 
Notice that, in this case, H is of type (1, 2q; 2, ^ ^ ; g, 2q — 2) as a (co)algebra. 

Let k'^ C H and k^ C H* be the commutative Hopf subalgebras of dimension 
2q^ obtained in Lemma [3.111 Considering the projection tt : H ^ kF obtained by 
transposing the inclusion k^ C H*, we have diuiH'^"^ = q. There are two possible 
decompositions of H'^°'^ as a left coideal of H: 

(1) TJ™'^ = k{g), where g G G{H) is of order q. 

(2) if^"" = fcl © J2i where Vi is an irreducible left coideal of H of dimension 

2. 

If the first one holds true then H is not simple, and H also fits into an abelian 
extension. 
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If the second one holds true then we may assume H^°'^ C k'^ . Notice that the 
number of irreducible coideals of dimension 2 in H'^°'" is . 

Note that H'^°'^ is a Yetter-Drinfeld submodule of H , and decompose it as a sum 
of irreducible Yetter-Drinfeld submodules. We may assume that there is a unique 
summand (spanned by 1) of dimension 1 (otherwise H would contain a central 
group- like element, and we are done). 

Now, the dimension of every such irreducible summand W must divide the di- 
mension of H. On the other hand, it must be of the form 2n, where 1 < n < 
(this follows after decomposing W , which is a coideal, into a sum of irreducible 
coideals). So that n — 1, because n — > if fc > 1. 

But this implies that the ViS are Yetter-Drinfeld submodules of -ff. In particular, 
D{H) has irreducible modules of dimension 2 and thus G{D{H)*) has an element 
g X 7] oi order 2, since D{H) does not has irreducible modules of dimension 3. □ 

Second proof. If the second one holds true then H^""^ C K and K'^°'^ — H'^°'" , 
where we write K = k'^ . Then AimK = dimi4r'^°'^dim7r(iir) [20, Lemma 1.3.4] 
implies that dim7r(ii') = 2q. Consider the surjection ■k\k : K ^ n(K). Since 
kG{K) n K'^"'^ = fcl, we have that TT\kG(K) ■ kG{K) — )> n{K) is an isomorphism. 
Hence K = K'^°^^kG{K) is a biproduct by the Radford's projection theorem 
Theorem 3]. Since K is commutative, kG{K) is normal in K. It follows that K'^°'^ 
is an ordinary Hopf algebra, since K'^°^ = K/ K{kG{K))^ as a coalgebra. Since 
G{K) is cyclic and K'^°'^ is a group algebra of a cyclic group of order q, we know 
that kG{K) and if™'^ are both self-dual. Therefore, K* = (i4:™'^)*#fc'^(^) ^ 
K'^°'^^kG{K) = K. But this contradicts the fact that the finite group G is non- 
abelian. □ 

Up to now, we have examined every possible order of G{H) and proved that H is 
not simple in all cases. Therefore, together with Proposition l2.4l and the Burnside's 
p°q''-Theorem, we obtain our main theorem. 

Theorem 3.18. Let A be a semisimple Hopf algebra of dimension 2q^ , where q is 
a prime number. Then A is semisolvable. 

Remark 3.19. The theorem above implies that the analogue of Burnside's p'^q^- 
Theorem for semisimple Hopf algebras of dimension 2g^ is true. However, there 
exists a semisimple Hopf algebra of dimension p^q^ which is simple as Hopf algebra 
[8]. Therefore the analogue of Burnside's p°'q'' -Theorem does not always hold for 
semisimple Hopf algebras. 

Acknovirledgments: The authors are very grateful to professor Sonia Natale 
for numerous discussions and very valuable suggestions about this paper, in partic- 
ular for providing a new proof of Proposition 13.161 

References 

[1] N. Andruskicwitsch, S. Natale, Harmonic analysis on semisimple Hopf algebras, Algebra i 
Analiz 12 (2000), 3-27. 

[2] J. Bichon, S. Natale, Hopf algebra deformations of binary polyhedral groups. Trans. Groups, 

DOI: 10.1007/s00031-011-9133-x. 
[3] W. Burnside, Theory of Groups of Finite Order, Cambridge university press, 1897. 
[4] J. Dong, Structure of semisimple Hopf algebras of dimension p^q^. ' arXiv: 1009. 354 P vr2. to 

appear in Communications in Algebra. 



SEMISIMPLE HOPF ALGEBRAS 



13 



[5] P. Etingof and S. Gclaki, Scmisimplc Hopf algebras of dimension pq are trivial, J. Algebra 
210(2) (1998), 664-669. 

[6] P. Etingof, D. Nikshych and V. Ostrik, Weakly group-theoretical and solvable fusion cate- 
gories, Adv. Math. 226 (1) (2011), 176-505. 

[7] P. Etingof and S. Gelaki, Some properties of finite-dimensional semisimple Hopf algebras, 
Math. Res. Lett. 5 (1998), 191-197. 

[8] C. Galindo, S. Natale, Simple Hopf algebras and deformations of finite groups. Math. Res. 
Lett. 14 (6) (2007), 943-954. 

[9] L Kaplansky, Bialgebras. Chicago, University of Chicago Press 1975. 
[10] T. Kobayashi and A. Masuoka, A result extended from groups to Hopf algebras, Tsukuba J. 

Math. 21(1) (1997), 55-58. 
[11] R.G. Larson, D.E. Radford, Semisimple and cosemisimple Hopf algebras, Amcr. J. Math. 
109(1987), 187-195. 

[12] S. Majid, Doubles of quasitriangular Hopf algebras, Comm. Algebra 19 (1991), 3061-3073. 
[13] A. Masuoka, The p" theorem for semisimple Hopf algebras. Proc. Amer. Math. Soc. 124 
(1996), 735-737. 

[14] A. Masuoka, Self-dual Hopf algebras of dimension obtained by extension, J. Algebra 178 
(1995), 791-806. 

[15] A. Masuoka, Cocycle deformations and Galois objects for some cosemisimple Hopf algebras 

of finite dimension, Contemp. Math. 267 (2000), 195-214. 
[16] S. Montgomery and S. Whiterspoon, Irreducible representations of crossed products, J. Pure 

Appl. Algebra 129 (1998), 315-326. 
[17] S. Montgomery, Hopf algebras and their actions on rings. CBMS Reg. Conf. Ser. Math. 82. 

Providence. Amer. Math. Soc. 1993. 
[18] S. Natale, On group theoretical Hopf algebras and exact factorizations of finite groups, J. 

Algebra 270(2003), 199-211. 
[19] S. Natale, On semisimple Hopf algebras of dimension pq^, Algebras Represent. Theory 7 (2) 

(2004), 173-188. 

[20] S. Natale, Semisolvability of semisimple Hopf algebras of low dimension, Mem. Amer. Math. 
Soc. 186 (2007). 

[21] S. Natale, On semisimple Hopf algebras of dimension pq^, J. Algebra 221(2) (1999), 242-278. 
[22] W. D. Nichols and M. B. Richmond, The Grothcndieck group of a Hopf algebra, J. Pure 

Appl. Algebra 106(1996), 297-306. 
[23] W. D. Nichols and M. B. Zoelle, A Hopf algebra freeness theorem, Amer. J. Math. 111(2) 

(1989), 381-385. 

[24] D. Radford, The structure of Hopf algebras with a projection, J. Algebra 92 (1985), 322-347. 

[25] D. Radford, Minimal Quasitriangular Hopf algebras, J. Algebra, 157 (1993), 285-315. 

[26] H.-J. Schneider, Normal basis and transitivity of crossed products for Hopf algebras, J. Al- 
gebra 152(1992), 289-312. 

[27] Y. Sommcrhauscr, Yettcr-Drinfeld Hopf algebras over groups of prime order. Lectures Notes 
in Math. 1789, Springer- Verlag (2002). 

[28] M. E. Sweedler, Hopf Algebras. New York, Benjamin 1969. 

[29] Y. Zhu, Hopf algebras of prime dimension, Internat. Math. Res. Notices 1 (1994), 53-59. 

A. Department of mathematics. Southeast University, Nanjing 210096, Jiangsu, Peo- 
ple's Republic of China 

B. College of Engineering, Nanjing Agricultural University, Nanjing 210031, Jiangsu, 
People's Republic of China 

E-mail address, J. Dong: dong j cSn j au . edu . cn 
E-mail address, S. Wang: shuanhwang20028yahoo.com 



